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Abst rac t - -Let  n be an arbitrary natural number. In this paper, we consider the existence of 
n symmetric positive solutions and establish a corresponding iterative scheme for the two-point 
boundary value probIem 
w"(t) + h(t)f(w(t))  = O, 
~(0)  - ~ '  (0) : O, 
0<t<l ,  
c~w(1) + flw'(1) = O. 
The main tool is the monotone iterative technique. Here, the coefficient h(t) is symmetric on (0, 1) 
and may be singular at both end points t = 0 and t = 1. @ 2004 Eisevier Ltd. All rights reserved. 
Keywords - -S ingu lar  two-point BVP, Multiple symmetric positive solutions, Iterative scheme, 
Existence theorem. 
1. INTRODUCTION 
Let n be an arbitrary natural number. The purpose of this paper is to consider the existence of 
n symmetric positive solutions and establish a corresponding iterative scheme for the two-point 
boundary value problem 
~"( t )  + h( t ) / (~( t ) )  : 0, 
~(0)  - 9~' (0 )  : 0, 
O<t<l ,  
(P) 
~(1)  + 9~'(1) : 0, 
where a, ~ _> 0, p = a 2 + 2a/~ > 0, and the coefficient h(t) may be singular at both end points 
t = 0 and t = 1. In this paper, a symmetric positive solution w* of (P) means a solution w* 
of (P) satisfying w*(t) > 0, 0 < t < 1 and w*(t) = w*(! - t), 0 < t < 1. 
Problem (P) describes many phenomena in applied mathematics, which can be found in the 
theory of nonlinear diffusion generated by nonlinear sources, and in the thermal ignition of gases, 
see, for example, [1-4]. Here, only positive solutions are meaningful. Recently, by making use of 
the Leray-Schauder degree theory on cones, the existence and multiplicity of positive solutions of 
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problem (P) have been studied by many authors, see, for example, [5-8]. We notice that Pink [4], 
Wong [51 and Yao [8] established the existence of one and two positive solutions for problem (P) 
with singular coefficient h(t). Very recently, by applying the Leggett-Williams theorem, Hen- 
derson and Thompson [91 obtained the existence of three symmetric nonnegative solutions of 
problem (P) with h(t) ~ 1. In this paper, by improving the classical monotone iterative tech- 
nique of Amann [10], we obtain not only the existence of n symmetric positive solutions, but also 
give an iterative scheme for approximating the solutions. It is worth stating that the first term of 
our iterative scheme is a constant function or a simpl e function. Therefore, the iterative scheme 
is significant and feasible. The idea of this paper comes from our papers [11,12]. 
We consider the Banaeh space C[O, 1] equipped with norm [[wll = maxo<t<l Iw(t)l. Let 
{ ~(/~+c~t)(c~-[-~-c~s), 0<t<s<l ,  
G(t, s) = 1 
-~(a + fl - c~t)(fl + as), 0<s<t<l .  
It is well known that G(t, s) means the Green function of problem (P) with h(t) - O. It is easy 
to see that 
a(t, ~) > o, (t, s) ~ (o, 1) × (o, 1), 
a(t,  s) <_ a(s, ~), (t, s) e [0,1] × [0,1]. 
The following conditions will be applied in this paper. 
(H1) f :  [0, +c<~) --+ [0, +co) is continuous. 
(H2) h : (0, 1) ~ [0, +oo) is continuous, 0 < f l  a (s , s )h (s )ds  < +oc, and h(t) = h(1 - t ) ,  
t e [0,1]. 
We recall that the function w is said to be concave on [0, 1], if 
w(r t2+(1- - r )h )  >>_7w(t2)+(1--r)w(h),  t l , t2 , rC  [0,1], 
and the function w is said to be symmetric on [0, 1], if w(t) = w(1 - t), t c [0, 1]. 
We denote 
C+[0, 1] = {w e C[0, 1]: w(t) >_ O, t e [0, 1]}, 
K : {w E C+[0, 1]: w is symmetric and concave on [0, 1]}, 
/ ,  1 
(Tw)(t) = ]o a(t,  s )h(s) f (w(s) )  ds, t E [0, 1]. 
It is easy to see that K is a cone of nonnegative functions in C[0, 1]. For w E K, we have 
[Iw[I = w(1/2) and 
2tlw[I min{t, 1 - t} _ w(t) <__ tlwll, t E [0,11. 
2. BAS IC  LEMMA 
In order to prove our results, we need the following lemma. 
LEMMA 2.1. Assume (H1) and (H2) hold. Then, T : Ix[ --+ K is completely continuous. 
PROOF. Let w E K, then 
(Tw)(O) = P (a + ~ - as )h(s ) f (w(s ) )  ds, 
 /oo (T~)(1) = ~ (9 + ~s)h(s)f(~(s))  ds. 
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By differentiation, 
f t  O~ /i 
c~ (fl + as )h(s ) f (w(s ) )  ds + P (~ + fl - as )h (s ) f (w(s ) )  ds. (Tw) ' ( t )  = -p Jo 
Thus, 
c~fol (Tw)'(O) = P (a + fl - as)h(s ) f (w(s ) )  ds, 
(Tw)'(1) = -p  (f l  + c~s)h(s) f (w(s) )  ds. 
It follows that 
a(Tw)(O)  - ~(Tw)'(O) : O, a(Tw)(1) + ~(Tw)'(1) = O. 
Since 
(Tw)" ( t )  = -h ( t ) f (w( t ) )  < 0, t e [0, 1], 
we see that Tw is a nonnegative concave function on [0, 1]. Noticing that h and w are symmetric, 
let v = 1 - s, then 
_1for (Tw)(t) = ~ (~ + Z - ~t)(9 + ~s)h(s ) f (~(s ) )  ds 
1/ l f l  + - + at)(c~ +/3 - c~s)h(s) f (w(s))  ds 
P 1/1-t 
= - -  (a +/9 - a t ) (a  +/~ - av)h(1 - v ) f (w(1  - v)) dv 
P 
(fl + at)(f l  + c~v)h(1 - v) f (w(1  - v)) dv 
fl - t  
Pl ~l - t  (/9 + at)(/3 + av)h(v ) f (w(v)  ) dv 
1// 
(a + p - at)(c~ + /~ - av )h(v ) f (w(v)  ) dv 
+ P - t  
~ 1 G(1 t ,s )h(s) f (w(s) )  (Tw)(1 t). = - ds = - 
Thus, T : K -* K.  
Now, let n > 3 and 
~0 
1 
(T~)(t) = C(t, s )h~(s) f (w(s))ds,  t • [o, 1], 
where 
info<s<l/n h(s), 0 < t < i n 
h~(t) = h(t), 1 _< t _< (n -  1) 
n n 
inf(~-z)/n<~_<l h(s), (n -  1) < t < 1. 
n 
As proven above, T,~ : K --+ K. Since hn : [0, 1] --+ [0, +ec) is a piecewise continuous function, we 
see that Tn : K -~ K is completely continuous (see [6]). 
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Let d > 0 and Md = max{f(/) : 0 < l < d} < +oc. Since f :  G(s, s)h(s)ds < +co, by the 
absolute continuity of integral, we have 
lira f G(s, s)h(s) ds = O, 
where e(n) : [0, 1/n] tJ [(n - 1)/n, 1]. So, 
sup{llTw - T~II : ~ e K, II~II ~ d} 
: sup ~ max /01 } to-<~- <~ c(t, ~)[h(s) - h~(s)]f(~(s)) e~: ~ e K, II~II -< a 
/01 /o 1 <_ Md max O(t, s)[h(s) - h~(s)] ds < Md G(s, s)[h(s) - h~(s)] ds 
O<t<l  -- 0 
<_ Md / O(s, s)hts) ds -~ 0, ~ -~ +oo. 
Je (~) 
It implies that the completely continuous operators T~ uniformly approximate T on any bounded 
subset of K. Therefore, T : K --* K is completely continuous. | 
3. MAIN  
In this section, we denote 
A = [max j(01 ] -1  L °<t<l G(t, s)h(s) ds , 
RESULTS 
B Vmax fa/4 ]-1 = o(t ,  s)h(s) ds 
[0_t_<l .11/4 
Constants A, B are not easy to compute explicitly. If minu4<t<a/4 h(t) > 0, for convenience, we 
can replace A by A', B by B ', where 
[ /01 ] -1  6 (c~2 + 2aft) 
d' =- max h(t) G(s,s) ds = 
0<t<l (c~ 2 -t- 6c~/3 -t- 6fl 2) max0<t<_l h(t)' 
B'  min h(t) ds = 
1/4<_t<3/4 J1/4 G , s (a + 2fl)(3a + 8t9) minl/4<_t<_a/4 h(t)" 
Obviously, 0 < A t < A < B < B'. 
3.1. Existence of One Symmetric Positive Solut ion 
THEOREM 3.1. Assume that (H1) and (H2) hold. If there exist two positive numbers b < a such 
that 
(1) f :  [0, a] -~ [0, +oo) is nondec~easing, 
(2) f(b/2) >_ bB, f(a) < aA, 
then, problem (P) has one symmetric positive solution w* E K such that b <_ ]lw* I[ <- a and 
lim~__.~ T~ -=- w*, i.e., 
lira max I(T~@)(t) - w*(t)l : O, 
n----~ c~ O<t<l  
where ~(t) : 2brain{t, 1 - t} or @(t) ~ a, t e [0, 1]. 
PROOF. We denote K[b,a] : {w E K : b <_ [Iwll < a}. Let w E K[b,a], then maxo<t<l w(t) <_ a 
and 
b 
min w(t )>2b rain rain{t, 1 -  t} 
1/4<t<_3/4 -- 1/4<t~3/4 = -2" 
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So, by Assumptions (1) and (2), we have 
It follows that 
f (w(t))  < aA, t C [0, 1], 
f (w(t))  > bB, t•  ~, ~ . 
/o 1 f01 IITwll = max G(t, s)h(s)f(w(s)) ds < aA max G(t, s)h(s) ds = a, 
0_~t_<l - -  0<t<l  
NTwl} > max G(t, s)h(s)f(w(s)) ds > bB max G(t, s)h(s) ds = b. 
- -  O<t<l Jl/4 - -  O<t<l -11/4 
Thus, we assert that T : K[b, a] ~ K[b, a] by Lemma 2.1. 
Let ~5(t) - a, t C [0, 1], then go ~ K[b, a]. Let go~ = Tgo, then @1 E K[b, a]. We denote 
go~+l = Tgo~, n = 1, 2 , . . . .  
Since T(K[b, a]) C K[b, a], we have ~5,~ E K[b, a], n = 1, 2 , . . . .  From Lemma 2.1, T is completely 
continuous. We assert that {@~}~_~ has a convergent subsequence {go~}~=~ and there exists 
w* C K[b, a] such that go~k ~ w*. 
Now, since go1 E K[b, a], we have 
go~(t) _ Iletll -< a --- go(t), t e [0, 1]. 
Since f :  [0, a] -~ [0, +oo) is nondecreasing, we have 
~(t )  = (Tgol) ( t )  = c(t,  s)h(s)f(gol(s)) ds <_ ~(t, ~)h(~)f(go(s)) ds -- (Tgo)(t) = gol(t). 
By induction, then 
go~+l(t)<_go~(t), t E [0,1], n= 1 ,2 , . . . .  
Hence, we assert that go,~ ~ w* and Tw* = w*. Since IIw*tl __ b > 0 and w* is a nonnegative 
concave function on [0, 1], we conclude that 
~*(t) > 0, t e (0,1). 
It is well known that the fixed point of operator T is the solution of problem (P). Therefore, 
w* is a symmetric positive solution of problem (P). 
Let go(t) = 2brain{t, 1 - t} ,  t E [0,1]. It is easy to see that, for any w C K[b,a], we have 
w(t) >_ go(t), t E [0, i]. The  remainder  of the proof  is similar to the case of go(t) - a. | 
COROLLARY 3.2. Assume that (H1) and (H2) hold. If 
(1) f :  [0, +co) ~ [0, +oo) is nondecreasing, 
(2) li-mt~of(1)/1 > 2B and l imt~+~f(1)/ l  < A (particularly, l iml~o f ( I ) / l  = +c~ and 
liml~+~o f(1)/l = 0), 
then, problem (P) has one symmetric positive solution w* E K and there exist two positive 
numbers b < a such that l im~ T~go = w*, i.e., 
lira max l (T~e) ( t )  - ~*( t ) j  = O, 
n --~ oo  0<~<i  
where ~(t)  = 2brain{t, 1 - t} or ffJ(t) =- a, t E [0, 1]. 
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3.2. Ex is tence  o f  n Symmetr ic  Pos i t i ve  So lu t ions  
THEOREM 3.3. Assume that (H1) end (H2) hold. If there exist 2n positive numbers bl < al < 
52 < a2 < " "  < b~ < an such that 
(1) f :  [0, an] -~ [0, +oo) is nondeereasing, 
(2) f(bi/2) >_ bib and f(a~) << aiA, i - -  1 ,2 , . . . ,n ,  
then, problem (P) has n symmetric positive solutions w~ E K, i = 1, 2 , . . . ,  n, such that b~ < 
I[w~ [I <- a~ and lim~-~o~ Tn~5~ - w~, i.e., 
lira max I(T~gJi)(t) - w~(t)[ = 0, 
n-*oo 0~t_~l 
where ~i ( t )  = 2bi min{t, 1 - t} or ~i ( t )  ~ ai, t e [0, 1], i = 1, 2 , . . . ,  n. 
COROLLARY 3.4. Assume that  (H1) and (H2) hold. I f  
(1) f :  [0, ÷oo)  -~ [0, +o0) is nondecreasing, 
(2) liml-~of(1)/I > 2B and liml_~+oof(l)/1 < A (particularly, liml-~0 f(1)/l = +oo and 
limz-~+oo f (1) / l  = 0), 
(3) there exist 2(n - 1) positive numbers al < b2 < a2 < .." < bn-1 < a~-i < bn such that  
/(ai) < aiA, i = 1 , . . . ,n - I ,  
i = 2 , . . . ,n ,  
then, problem (P) has n symmetric positive solutions w* E K, i = 1, 2 , . . . ,  n, and there exist 
two positive numbers  bl < al, a~ > b~ such that limn_~oo Tn~i  = w*, i.e., 
l i ra  ( t )  - = 0,  
n--*c~ 0<_t<__l 
where @(t )  = 2b~ rain{t, 1 - t} or ~i ( t )  - ai, t e [0, 1], i = 1, 2 , . . . ,  n. 
REMARK. If  f (0)  > 0, then Iimt-,0 f ( l ) / l  = +oo > 2B. 
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